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FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ
7DNDKLUR 0 'RL∗ +LGHR 6XJDQXPD∗ DQG 7DNXPL ,ULWDQL
∗Department of Physics, Graduate School of Science, Kyoto University,
Kitashirakawa-oiwake, Sakyo, Kyoto 606-8502, Japan
Yukawa Institute for Theoretical Physics, Kyoto University,
Kitashirakawa-Oiwake, Sakyo, Kyoto 606-8502, Japan
$EVWUDFW 7KH 3RO\DNRY ORRS DQG WKH 'LUDF PRGHV DUH FRQQHFWHG YLD D VLPSOH DQDO\WLFDO UHODWLRQ RQ WKH WHPSRUDOO\ RGG
QXPEHU ODWWLFH ZKHUH WKH WHPSRUDO ODWWLFH VL]H LV RGG ZLWK WKH QRUPDO QRQWZLVWHG SHULRGLF ERXQGDU\ FRQGLWLRQ 8VLQJ WKLV
UHODWLRQ ZH LQYHVWLJDWH WKH UHODWLRQ EHWZHHQ TXDUN FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ LQ 4&' ,Q WKLV SDSHU ZH
GLVFXVV WKH SURSHUWLHV RI WKLV DQDO\WLFDO UHODWLRQ DQG QXPHULFDOO\ LQYHVWLJDWH HDFK 'LUDFPRGH FRQWULEXWLRQ WR WKH 3RO\DNRY
ORRS LQ ERWK FRQ¿QHPHQW DQG GHFRQ¿QHPHQW SKDVHV DW WKH TXHQFKHG OHYHO 7KLV UHODWLRQ LQGLFDWHV WKDW ORZO\LQJ 'LUDF PRGHV
KDYH OLWWOH FRQWULEXWLRQ WR WKH 3RO\DNRY ORRS DQG ZH QXPHULFDOO\ FRQ¿UPHG WKLV IDFW )URP RXU DQDO\VLV LW LV VXJJHVWHG WKDW
WKHUH LV QR GLUHFW RQHWRRQH FRUUHVSRQGLQJ EHWZHHQ TXDUN FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ LQ 4&' $OVR LQ WKH
FRQ¿QHPHQW SKDVH ZH QXPHULFDOO\ ¿QG WKDW WKHUH LV D QHZ ³SRVLWLYHQHJDWLYH V\PPHWU\´ LQ WKH 'LUDFPRGH PDWUL[ HOHPHQWV
RI OLQNYDULDEOH RSHUDWRU ZKLFK DSSHDU LQ WKH UHODWLRQ DQG WKH 3RO\DNRY ORRS EHFRPHV ]HUR EHFDXVH RI WKLV V\PPHWU\ ,Q WKH
GHFRQ¿QHPHQW SKDVH WKLV V\PPHWU\ LV EURNHQ DQG WKH 3RO\DNRY ORRS LV QRQ]HUR
.H\ZRUGV FRQ¿QHPHQW FKLUDO V\PPHWU\ EUHDNLQJ ODWWLFH 4&' 3RO\DNRY ORRS 'LUDF PRGH
3$&6 +D $Z *F 'M
,1752'8&7,21
2QH RI WKH LPSRUWDQW SUREOHPV LQ ORZHQHUJ\ 4&' LV QRQSHUWXUEDWLYH XQGHUVWDQGLQJ RI FRORU FRQ¿QHPHQW DQG FKLUDO
V\PPHWU\ EUHDNLQJ DQG WKHVH LPSRUWDQW QRQSHUWXUEDWLYH SKHQRPHQD KDYH EHHQ LQYHVWLJDWHG LQ PDQ\ DQDO\WLFDO DQG
QXPHULFDO VWXGLHV >   @ 7KHLU UHODWLRQ LV DOVR RXWVWDQGLQJ LVVXH >          @ 6RPH
VWXGLHV VXJJHVW WKDW FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ DUH VWURQJO\ FRUUHODWHG ,Q ¿QLWH WHPSHUDWXUH ODWWLFH
4&' FDOFXODWLRQ VRPH VWXGLHV VKRZV WKDW WKH GHFRQ¿QHPHQW SKDVH WUDQVLWLRQ DQG FKLUDO UHVWRUDWLRQ RFFXU DW DOPRVW
WKH VDPH WHPSHUDWXUHV >@ 7KHUH LV DQ RSSRVLWH VWXG\ KRZHYHU WKDW WKH WUDQVLWLRQ WHPSHUDWXUHV RI GHFRQ¿QHPHQW
SKDVH WUDQVLWLRQ DQG FKLUDO UHVWRUDWLRQ DUH QRW WKH VDPH >@
7KH RUGHU SDUDPHWHUV RI GHFRQ¿QHPHQW SKDVH WUDQVLWLRQ DQG FKLUDO V\PPHWU\ EUHDNLQJ DUH LPSRUWDQW TXDQWLWLHV WR
LQYHVWLJDWH WKH UHODWLRQ EHWZHHQ FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ 7KH 3RO\DNRY ORRS LV FRQVLGHUHG DV DQ
RUGHU SDUDPHWHU IRU TXDUN FRQ¿QHPHQW >@ $W WKH TXHQFKHG OHYHO WKH 3RO\DNRY ORRS LV WKH H[DFW RUGHU SDUDPHWHU
IRU TXDUN FRQ¿QHPHQW DQG LWV YDFXXP H[SHFWDWLRQ YDOXH LV ]HUR LQ WKH FRQ¿QHPHQW SKDVH DQG QRQ]HUR LQ WKH
GHFRQ¿QHPHQW SKDVH 7KH RUGHU SDUDPHWHU RI FKLUDO V\PPHWU\ EUHDNLQJ LV FKLUDO FRQGHQVDWH DQG ORZO\LQJ 'LUDF
PRGHV DUH HVVHQWLDO IRU FKLUDO V\PPHWU\ EUHDNLQJ LQ 4&' IRU H[DPSOH DFFRUGLQJ WR WKH %DQNV&DVKHU UHODWLRQ >@
,Q VRPH ODWWLFH 4&' VWXGLHV LW LV FRQ¿UPHG WKDW FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ DUH VLPXOWDQHRXVO\
ORVW E\ UHPRYLQJ 4&' PRQRSROHV LQ WKH PD[LPDOO\ $EHOLDQ JDXJH > @ 7KHVH UHVXOWV VKRZV 4&' PRQRSROHV LQ
WKH PD[LPDOO\ $EHOLDQ JDXJH SOD\ LPSRUWDQW UROH IRU ERWK FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ ,Q SUHYLRXV
QXPHULFDO VWXGLHV KRZHYHU LW LV VXJJHVWHG WKDW ORZO\LQJ 'LUDF PRGHV DUH QRW LPSRUWDQW PRGHV IRU FRQ¿QHPHQW >@
,Q IDFW WKH FRQ¿QHPHQW SURSHUWLHV VXFK DV WKH 3RO\DNRY ORRS DQG WKH VWULQJ WHQVLRQ RI TXDUNDQWLTXDUN SDLU DUH DOPRVW
XQFKDQJHG E\ UHPRYLQJ ORZO\LQJ 'LUDF PRGHV IURP 4&' YDFXXP 7DNLQJ LQWR FRQVLGHUDWLRQ WKDW ORZO\LQJ 'LUDF
PRGHV DUH HVVHQWLDO IRU FKLUDO V\PPHWU\ EUDNLQJ WKLV UHVXOW VXJJHVWV QR GLUHFW RQHWRRQH FRUUHVSRQGLQJ EHWZHHQ
FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ LQ 4&'
7KH DQDO\WLFDO UHODWLRQ EHWZHHQ WKH 3RO\DNRY ORRS DQG 'LUDF PRGHV FDQ EH D KLQW IRU WKH UHODWLRQ EHWZHHQ FRQ¿QH
PHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ LQ 4&' ,Q IDFW IRU H[DPSOH WKH 3RO\DNRY ORRS LV H[SUHVVHG LQ WHUPV RI 'LUDF
HLJHQYDOXHV XVLQJ WZLVWHG ERXQGDU\ FRQGLWLRQ IRU OLQNYDULDEOHV >@ +RZHYHU WKH DQWL SHULRGLF ERXQGDU\ FRQGL
WLRQ LV UHTXLUHG IRU WKH LPDJLQDU\WLPH IRUPDOLVP DW ¿QLWH WHPSHUDWXUH 5HFHQWO\ ZH GHULYHG D UHODWLRQ EHWZHHQ WKH
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3RO\DNRY ORRS DQG 'LUDF PRGHV LQ WKH ODWWLFH 4&' IRUPDOLVP ZLWK WKH QRUPDO QRQWZLVWHG SHULRGLF ERXQGDU\ FRQ
GLWLRQ IRU OLQNYDULDEOHV >  @ )LUVW ZH GHULYHG LW RQ WKH WHPSRUDOO\ RGGQXPEHU ODWWLFH ZKHUH WKH WHPSRUDO
ODWWLFH VL]H LV RGG 1H[W ZH VKRZHG WKDW WKH DQDO\WLFDO UHODWLRQ FDQ EH GHULYHG RQ WKH ODWWLFHV RQ ZKLFK WKH WHPSRUDO
ODWWLFH VL]H LV HYHQ ,Q WKLV SDSHU ZH FRQFHQWUDWH WKH WHPSRUDOO\ RGGQXPEHU ODWWLFH EHFDXVH WKH DQDO\WLFDO UHODWLRQ LV
HVSHFLDOO\ VLPSOH IRUP RQ WKLV ODWWLFH DQG LW LV QRW VHULRXV SUREOHP WR XVH WKH WHPSRUDOO\ RGGQXPEHU ODWWLFH DV ZH ZLOO
GLVFXVV ODWHU
',5$& 02'( $1' 23(5$725 )250$/,60 21 /$77,&(
,Q WKLV VHFWLRQ ZH SUHSDUH WKH VHWXS IRU WKLV VWXG\ DQG UHYLHZ 'LUDF PRGHV DQG WKH RSHUDWRU IRUPDOLVP LQ 68NF
ODWWLFH JDXJH WKHRU\ :H FRQVLGHU D VWDQGDUG VTXDUH ODWWLFH ZLWK ODWWLFH VSDFLQJ a DQG VLWHV RQ WKH ODWWLFH DUH GHQRWHG
DV s = (s,s,s,s) (sμ = ,, · · · ,Nμ) ZLWK RGG N 7KH WHPSRUDO SHULRGLF ERXQGDU\ FRQGLWLRQ LV LPSRVHG IRU OLQN
YDULDEOHV Uμ(s) = HiagAμ (s) ZLWK JDXJH ¿HOGV Aμ(s) ∈ su(Nc) JDXJH FRXSOLQJ g DQG VLWHV s = (s,s,s,s) $V ZH
ZLOO VKRZ ODWHU WKH DQDO\WLFDO UHODWLRQ EHWZHHQ 3RO\DNRY ORRS DQG WKH 'LUDF PRGHV FDQ EH GHULYHG IRU DUELWUDU\ JDXJH
JURXS ,Q WKLV SDSHU KRZHYHU ZH WDNH 68NF DV WKH JDXJH JURXS ,Q WKLV SDSHU ZH GH¿QH DOO WKH γPDWULFHV WR EH
KHUPLWH DV γμ = γμ 
'LUDF PRGH LQ ODWWLFH 4&'
1H[W ZH UHYLHZ WKH 'LUDF PRGH LQ ODWWLFH 4&' ZKLFK LV HLJHQPRGH RI WKH 'LUDF RSHUDWRU 8VLQJ OLQNYDULDEOHV









Uμ(s)δs+ Öμ ,s′ −U−μ(s)δs− Öμ ,s′
]
, 
ZKHUH Öμ LV WKH XQLW YHFWRU LQ GLUHFWLRQ μ LQ WKH ODWWLFH XQLW DQG U−μ(s) ≡ Uμ(s− Öμ) 6LQFH γμ LV +HUPLWH LQ WKLV
GH¿QLWLRQ WKH 'LUDF RSHUDWRU LV DQWL+HUPLWH DQG KDV SXUH LPDJLQDU\ HLJHQYDOXH DQG WKH 'LUDF HLJHQYDOXH HTXDWLRQ LV
H[SUHVVHG DV
D|n〉= iλn|n〉. 




%HFDXVH RI {D,γ}=  WKH FKLUDO SDUWQHU γ|n〉 LV DOVR DQ HLJHQVWDWH ZLWK WKH HLJHQYDOXH−iλn 7KH 'LUDF HLJHQIXQFWLRQ







γμ [Uμ(s)ψn(s+ Öμ)−U−μ(s)ψn(s− Öμ)] = iλnψn(s). 
%HFDXVH WKH JDXJH WUDQVIRUPDWLRQ RI OLQNYDULDEOHV LVUμ(s)→V (s)Uμ(s)V (s+ Öμ) WKH JDXJH WUDQVIRUPDWLRQ RIψn(s)
LV
ψn(s)→V (s)ψn(s), 
ZKLFK LV WKH VDPH DV WKDW RI WKH TXDUN ¿HOG DOWKRXJK WKHUH FDQ DSSHDU DQ LUUHOHYDQW nGHSHQGHQW JOREDO SKDVH IDFWRU
Hiϕn[V ] DFFRUGLQJ WR DUELWUDULQHVV RI WKH SKDVH LQ WKH EDVLV |n〉 >@
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ZKHUH WKH 'LUDF HLJHQYDOXH GHQVLW\ ρ(λ ) LV GH¿QHG E\
ρ(λ )≡ 
VSK\V ∑n 〈δ (λ −λn)〉 
ZLWK WKH VSDFHWLPH YROXPH VSK\V )URP (T  WKH FKLUDO FRQGHQVDWH LV SURSRUWLRQDO WR WKH 'LUDF ]HURHLJHQYDOXH
GHQVLW\ 6LQFH WKH FKLUDO FRQGHQVDWH LV WKH RUGHU SDUDPHWHU RI FKLUDO V\PPHWU\ EUHDNLQJ ORZO\LQJ 'LUDF PRGHV DUH
HVVHQWLDO IRU FKLUDO V\PPHWU\ EUHDNLQJ ,Q JHQHUDO LQVWHDG RI D RQH FDQ FRQVLGHU DQ\ DQWLKHUPLWLDQ RSHUDWRU HJ
D =DμDμ  DQG WKH H[SDQVLRQ LQ WHUPV RI LWV HLJHQPRGHV >@ 7R LQYHVWLJDWH FKLUDO V\PPHWU\ EUHDNLQJ KRZHYHU LW
LV DSSURSULDWH WR FRQVLGHU D DQG WKH H[SDQVLRQ E\ LWV HLJHQPRGHV
7KH UROH RI WKH ORZO\LQJ 'LUDF PRGHV KDV EHHQ VWXGLHG LQ WKH FRQWH[W RI FKLUDO V\PPHWU\ EUHDNLQJ LQ 4&' ,Q
SDUWLFXODU WKH UHPRYDO RI ORZO\LQJ 'LUDF PRGHV KDV EHHQ UHFHQWO\ LQYHVWLJDWHG WR UHDOL]H WKH ZRUOG RI ³XQEUHDNLQJ
FKLUDOV\PPHWU\´ > @ )RU H[DPSOH SURSDJDWRUV DQG PDVVHV RI KDGURQV DUH LQYHVWLJDWHG DIWHU WKH UHPRYDO RI ORZ
O\LQJ 'LUDF PRGHV DQG SDULW\GRXEOLQJ ³KDGURQV´ FDQ EH DFWXDOO\ REVHUYHG DV ERXQG VWDWHV LQ WKH FKLUDO XQEURNHQ
ZRUOG >@ $OVR DIWHU WKH UHPRYDO RI ORZO\LQJ 'LUDF PRGHV IURP WKH 4&' YDFXXP WKH FRQ¿QHPHQW SURSHUWLHV VXFK
DV WKH VWULQJ WHQVLRQ DUH IRXQG WR EH DOPRVW NHSW ZKLOH WKH FKLUDO FRQGHQVDWH LV ODUJHO\ GHFUHDVHG >@
RSHUDWRU IRUPDOLVP LQ ODWWLFH 4&'
1H[W ZH UHYLHZ WKH RSHUDWRU IRUPDOLVP LQ ODWWLFH 4&' :H GH¿QH WKH OLQNYDULDEOH RSHUDWRU ÖU±μ E\ WKH PDWUL[
HOHPHQW
〈s| ÖU±μ |s′〉=U±μ(s)δs± Öμ ,s′ . 










ZLWK WKH ' ODWWLFH YROXPH V = NNNN +HUH ³7Uc´ GHQRWHV WKH IXQFWLRQDO WUDFH RI 7Uc ≡ ∑s WUc ZLWK WKH WUDFH WUc
RYHU FRORU LQGH[
8VLQJ WKH OLQNYDULDEOH RSHUDWRU FRYDULDQW GHULYDWLYH RSHUDWRU ÖDμ RQ WKH ODWWLFH LV H[SUHVVHG DV
ÖDμ = a ( ÖUμ − ÖU−μ). 
7KXV WKH 'LUDF RSHUDWRU ÖD RQ WKH ODWWLFH LV H[SUHVVHG DV




γμ( ÖUμ − ÖU−μ). 
+HUH ZH LQWURGXFH WKH 'LUDFPRGH PDWUL[ HOHPHQW RI WKH OLQNYDULDEOH RSHUDWRU ÖUμ H[SUHVVHG ZLWK ψn(s)
〈m| ÖUμ |n〉=∑
s
〈m|s〉〈s| ÖUμ |s+ Öμ〉〈s+ Öμ|n〉=∑
s
ψm(s)Uμ(s)ψn(s+ Öμ). 
1RWH WKDW WKH PDWUL[ HOHPHQW LV JDXJH LQYDULDQW DSDUW IURP DQ LUUHOHYDQW SKDVH IDFWRU $FWXDOO\ XVLQJ WKH JDXJH






ψm(s)V (s) ·V (s)Uμ(s)V (s+ Öμ) ·V (s+ Öμ)ψn(s+ Öμ) = 〈m| ÖUμ |n〉. 
+RZHYHU WKH nGHSHQGHQW JOREDO SKDVH IDFWRU FDQFHOV DV Hiϕn[V ]H−iϕn[V ] =  EHWZHHQ |n〉 DQG 〈n| DQG GRHV QRW DSSHDU
IRU SK\VLFDO TXDQWLWLHV VXFK DV WKH :LOVRQ ORRS DQG WKH 3RO\DNRY ORRS >@ ,Q WKLV VWXG\ WKH SKDVH IDFWRU DOVR FDQFHOV
LQ WKH GLDJRQDO PDWUL[ HOHPHQW 〈n| ÖUμ |n〉 ZKLFK DSSHDUV LQ WKH DQDO\WLFDO UHODWLRQ VKRZQ LQ WKH QH[W VHFWLRQ
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1RWH DOVR WKDW D IXQFWLRQDO WUDFH RI D SURGXFW RI WKH OLQNYDULDEOH RSHUDWRUV FRUUHVSRQGLQJ WR WKH QRQFORVHG SDWK LV
H[DFWO\ ]HUR EHFDXVH RI WKH GH¿QLWLRQ RI WKH OLQNYDULDEOH RSHUDWRU (T 
7Uc( ÖUμ ÖUμ · · · ÖUμN ) = WUc∑
s
〈s| ÖUμ ÖUμ · · · ÖUμN |s〉
=WUc∑
s









ZLWK ∑Nk= Öμk =  ZKLFK PHDQV WKH QRQFORVHG SDWK ZLWK WKH OHQJWK N 7KLV LV HDVLO\ XQGHUVWRRG IURP (OLW]XU¶VWKHRUHP >@ WKDW WKH YDFXXP H[SHFWDWLRQ YDOXHV RI JDXJHYDULDQW RSHUDWRUV DUH ]HUR 1RWH WKDW RQH FDQQRW PDNH
DQ\ FORVHG ORRS VXFK DV :LOVRQ ORRS XVLQJ RGGQXPEHU OLQNYDULDEOHV RQ WKH VTXDUH ODWWLFH 7KHUHIRUH WKH IXQFWLRQDO
WUDFH FRUUHVSRQGLQJ WR WKH WUDMHFWRULHV ZKRVH ODWWLFH VL]H LV RGG FDQQRW EH JDXJHLQYDULDQW DQG LV ]HUR H[FHSW IRU WKH
3RO\DNRY ORRS XVLQJ WKH WHPSRUDO SHULRGLF ERXQGDU\ FRQGLWLRQ 7KLV IDFW ZLOO EH XVHG LQ WKH GHULYDWLRQ RI WKH DQDO\WLFDO
UHODWLRQ EHWZHHQ WKH 3RO\DNRY ORRS DQG FKLUDO V\PPHWU\ EUHDNLQJ LQ WKH QH[W VHFWLRQ
7+( 5(/$7,21 %(7:((1 32/<$.29 /223 $1' ',5$& 02'(6 21 7+(
7(0325$//< 2''180%(5 /$77,&(
,Q WKLV VHFWLRQ ZH GHULYH WKH DQDO\WLFDO UHODWLRQ EHWZHHQ WKH 3RO\DNRY ORRS DQG WKH 'LUDF PRGHV RQ WKH WHPSRUDOO\ RGG
QXPEHU ODWWLFH ZKHUH WKH WHPSRUDO ODWWLFH VL]H N LV RGG ZLWK WKH WHPSRUDO QRQWZLVWHG SHULRGLF ERXQGDU\ FRQGLWLRQ
IRU OLQNYDULDEOHV >  @ 7KHQ ZH GLVFXVV WKH SURSHUWLHV RI WKH DQDO\WLFDO UHODWLRQ DQG WKH UHODWLRQ EHWZHHQ
FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ LQ 4&' 7KH VSDWLDO ODWWLFH VL]HV Ni (i = ,,) DUH WDNHQ ODUJHU WKDQ WKH
WHPSRUDO ODWWLFH VL]H N Ni > N
'HULYDWLRQ
$ NH\ TXDQWLW\ IRU WKH GHULYDWLRQ RI WKH UHODWLRQ EHWZHHQ WKH 3RO\DNRY ORRS DQG 'LUDF PRGHV LV
I ≡ 7Uc,γ( ÖU ÖDN−), 
ZKHUH WKH IXQFWLRQDO WUDFH 7Uc,γ LV GH¿QHG DV 7Uc,γ ≡ ∑s WUcWUγ LQFOXGLQJ DOVR WKH WUDFH WUγ RYHU VSLQRU LQGH[ 6LQFH WKH
'LUDF RSHUDWRU ÖD LV OLQHDU LQ WKH OLQNYDULDEOH RSHUDWRUV ÖU±μ  WKH TXDQWLW\ ÖU ÖDN− FDQ EH H[SDQGHG DQG HDFK WHUP
LV H[SUHVVHG LQ WHUPV RI SURGXFWV RI N OLQNYDULDEOH RSHUDWRUV DQG FRUUHVSRQGV WR YDULRXV WUDMHFWRULHV ZKRVH OHQJWK LV
N DQG RGG ,Q )LJ  VRPH H[DPSOHV RI WKH WUDMHFWRULHV LQ WKH N =  ODWWLFH DUH VKRZQ 2QO\ WKH 3RO\DNRY ORRS LP
DQG WKH DQWL3RO\DNRY ORRS LP UHPDLQ LQ WKH TXDQWLW\ I EHFDXVH HDFK WHUP LQ WKH H[SDQVLRQ RI LQ ÖU ÖD
N− FRUUHVSRQGV
WR WKH WUDMHFWRULHV ZLWK RGG OHQJWK DQG LV JDXJHYDULDQW IURP WKH GLVFXVVLRQ DURXQG (T  DW WKH ODVW LQ WKH SUHYLRXV
VHFWLRQ %HFDXVH RI RQH WHPSRUDO OLQNYDULDEOH RSHUDWRU ÖU LQ WKH TXDQWLW\ ÖU ÖDN− WKH DQWL3RO\DNRY ORRS FDQQRW EH
PDGH DQG WKH TXDQWLW\ I LV SURSRUWLRQDO WR WKH 3RO\DNRY ORRS I ∝ LP
),*85(  6RPH H[DPSOHV RI WUDMHFWRULHV FRUUHVSRQGLQJ WR HDFK WHUP LQ ÖU ÖDN− LQ (T  RQ WKH WHPSRUDOO\ RGGQXPEHU
ODWWLFH ZLWK N =  7KH OHIW WZR WUDMHFWRULHV DUH QRW FORVHG OLQHV DQG FRUUHVSRQG WR JDXJH YDULDQW WHUPV DQG WKH PRVW ULJKW WUDMHFWRU\
LV D FORVHG ORRS DQG FRUUHVSRQGV WR JDXJH LQYDULDQW WHUP ZKLFK LV SURSRUWLRQDO WR WKH 3RO\DNRY ORRS
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$FWXDOO\ LQFOXGLQJ WKH IDFWRU RI SURSRUWLRQDOLW\ ZH FDQ PDWKHPDWLFDOO\ GHULYH DV
I = 7Uc,γ( ÖU ÖDN−) = 7Uc,γ{ ÖU(γ ÖD)N−}= 7Uc( ÖU ÖDN− )
=







2Q WKH RWKHU KDQG ZH GHULYH WKH GLIIHUHQW IRUP RI WKH TXDQWLW\ I IURP (T  6LQFH WKH 'LUDF PRGH |n〉 LV FRPSOHWH
VHW WDNLQJ 'LUDF PRGHV DV WKH EDVLV IRU WKH IXQFWLRQDO WUDFH LQ (T  ZH ¿QG
I =∑
n
〈n| ÖU  ÖDN−|n〉= iN−∑
n
λN−n 〈n| ÖU|n〉. 





n 〈n| ÖU|n〉. 
7KLV LV DQ DQDO\WLFDO UHODWLRQ EHWZHHQ WKH 3RO\DNRY ORRS DQG WKH 'LUDF PRGHV LH D 'LUDF VSHFWUDO UHSUHVHQWDWLRQ RI
WKH 3RO\DNRY ORRS >  @
'LVFXVVLRQ RQ WKH DQDO\WLFDO UHODWLRQ
1H[W ZH GLVFXVV WKH SURSHUWLHV RI WKH DQDO\WLFDO UHODWLRQ  EHWZHHQ WKH 3RO\DNRY ORRS DQG 'LUDF PRGHV DQG
DQDO\WLFDOO\ FRQVLGHU WKH UHODWLRQ EHWZHHQ TXDUN FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ
Properties of the analytical relation
6LQFH WKH 3RO\DNRY ORRS LV JDXJH LQYDULDQW DQG 'LUDF PRGHV FDQ EH REWDLQHG JDXJHFRYDULDQWO\ WKLV UHODWLRQ LV
JDXJH LQYDULDQW 1RWH WKDW IRU TXDQWLWDWLYH GLVFXVVLRQ ZH FDQ QXPHULFDOO\ FDOFXODWH HDFK WHUP (ai)N−NFV λ
N−n 〈n| ÖU|n〉
LQ WKH UHODWLRQ  DQG LQYHVWLJDWH HDFK 'LUDFPRGH FRQWULEXWLRQ WR WKH 3RO\DNRY ORRS LQGLYLGXDOO\ 8VLQJ 'LUDF








ψn (s)U(s)ψn(s+ Ö). 
'LUDF HLJHQYDOXHV λn DQG 'LUDF HLJHQIXQFWLRQV ψn(s) LQ (T  FDQ EH REWDLQHG E\ VROYLQJ WKH 'LUDF HLJHQHTXDWLRQ
 XVLQJ OLQNYDULDEOHV LQ HDFK JDXJH FRQ¿JXUDWLRQ JHQHUDWHG LQ 0RQWH &DUOR VLPXODWLRQ
,Q WKH GHULYDWLRQ RI WKH UHODWLRQ  ZH XVH RQO\ WKH IROORZLQJ DVVXPSWLRQV
 RGG WHPSRUDO ODWWLFH VL]H N
 VTXDUH ODWWLFH
 WHPSRUDO SHULRGLFLW\ IRU OLQNYDULDEOHV
2Q WKH ¿UVW DVVXPSWLRQ LW LV LQ SULQFLSOH QR SUREOHP WR XVH WKH RGG WHPSRUDO VL]H EHFDXVH WKH SDULW\ RI WKH WHPSRUDO
ODWWLFH VL]H GRHV QRW DIIHFW WKH SK\VLFDO UHVXOWV LQ WKH FRQWLQXXP OLPLW a→  DQG N → ∞ ,Q IDFW E\ D VLPLODU PDQQHU
RQ (T ZH FDQ DOVR GHULYH D UHODWLRQ ZKLFK FRQQHFWV WKH 3RO\DNRY ORRS DQG 'LUDF PRGHV RQ WKH HYHQ ODWWLFH ZKHUH
DOO WKH ODWWLFH VL]HV DUH HYHQ QXPEHU >@ 2Q WKH VHFRQG RQH SK\VLFDO UHVXOWV LQ WKH FRQWLQXXP OLPLW GR QRW GHSHQG RQ
WKH ODWWLFH UHJXODUL]DWLRQ VFKHPH DQG WKXV LW LV QRW D SUREOHP WR XVH WKH VWDQGDUG VTXDUH ODWWLFH 2Q WKH WKLUG RQH WKH
WHPSRUDO SHULRGLF ERXQGDU\ FRQGLWLRQ LV HVVHQWLDO IRU WKH LPDJLQDU\WLPH ¿QLWHWHPSHUDWXUH IRUPDOLVP ,Q WKLV ZD\ WKH
DQDO\WLFDO UHODWLRQ FDQ EH GHULYHG ZLWKRXW DQ\ XQQDWXUDO DVVXPSWLRQ
7KH UHODWLRQ  LV VDWLV¿HG IRU HDFK JDXJH FRQ¿JXUDWLRQ IRU H[DPSOH JHQHUDWHG LQ WKH 0RQWH &DUOR VLPXODWLRQ
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7KH RXWHUPRVW EUDFNHW 〈〉 PHDQV JDXJHFRQ¿JXUDWLRQ DYHUDJH
6LQFH ZH GR QRW VR IDU VSHFLI\ ZKHWKHU WKH JDXJHFRQ¿JXUDWLRQ KDV LQFOXGH WKH HIIHFW RI WKH G\QDPLFDO TXDUN RU QRW
WKH UHODWLRQ  LV YDOLG LQ IXOO 4&' DQG DW WKH TXHQFKHG OHYHO 6LPLODUO\ WKH UHODWLRQ LV VDWLV¿HG LQ ¿QLWH WHPSHUDWXUH
DQG GHQVLW\ DQG LQ FRQ¿QHPHQW DQG GHFRQ¿QHPHQW SKDVHV DQG LQ FKLUDO EURNHQ DQG UHVWRUHG SKDVHV 2I FRXUVH E\ WKH
HIIHFWV RI WKH G\QDPLFDO TXDUNV YDULRXV TXDQWLWLHV FDQ FKDQJH IRU H[DPSOH 3RO\DNRY ORRS LP WKH 'LUDF HLJHQYDOXH
GLVWULEXWLRQ ρ(λ ) DQG WKH PDWUL[ HOHPHQWV 〈n| ÖUμ |m〉 +RZHYHU WKH UHODWLRQ (T LV VDWLV¿HG HYHQ LQ IXOO 4&'
Discussion for relation between confinement and chiral symmetry breaking
6LQFH WKH UHODWLRQ  LV WKH 'LUDF VSHFWUXP UHSUHVHQWDWLRQ RI WKH 3RO\DNRY ORRS ZH FDQ LQYHVWLJDWH HDFK 'LUDF
PRGH FRQWULEXWLRQ WR WKH 3RO\DNRY ORRS LQGLYLGXDOO\ %HFDXVH WKH 3RO\DNRY ORRS DQG 'LUDF PRGHV DUH LPSRUWDQW IRU
TXDUN FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ UHVSHFWLYHO\ ZH FDQ GLVFXVV WKH UHODWLRQ EHWZHHQ FRQ¿QHPHQW DQG
FKLUDO V\PPHWU\ EUHDNLQJ LQ 4&' XVLQJ WKH UHODWLRQ 
7KH 'LUDF PDWUL[ HOHPHQW RI WKH OLQNYDULDEOH RSHUDWRU 〈n| ÖU|n〉 LV JHQHUDOO\ QRQ]HUR ,Q IDFW ZH QXPHULFDOO\ FRQ¿UP
WKDW DQG VKRZ ODWHU %HFDXVH RI WKH GDPSLQJ IDFWRU λN−n  WKH FRQWULEXWLRQ λN−n 〈n| ÖUμ |m〉 IURP ORZO\LQJ 'LUDF
PRGHV ZLWK |λn| 
  LV QHJOLJLEO\ VPDOO FRPSDUHG WR WKH RWKHU 'LUDFPRGH FRQWULEXWLRQ ,I WKH PDWUL[ HOHPHQW 〈n| ÖU|n〉
LV ODUJH LQ WKH ORZO\LQJ 'LUDF PRGHV VWURQJHU WKDQ /λN−n  WKH ORZO\LQJ 'LUDF PRGHV KDYH ODUJH FRQWULEXWLRQ WR
WKH 3RO\DNRY ORRS +RZHYHU HYHQ LI WKH EHKDYLRU RI WKH PDWUL[ HOHPHQW 〈n| ÖU|n〉 LV δ IXQFWLRQ δ (λn) WKH FRQWULEXWLRQ
IURP ORZO\LQJ 'LUDF PRGHV λN−n δ (λn) LV VWLOO QHJOLJLEOH EHFDXVH RI λnδ (λn) = . ,Q IDFW RXU DOO WKH QXPHULFDO
UHVXOWV VKRZ WKDW WKH ORZO\LQJ 'LUDF PRGHV KDYH OLWWOH FRQWULEXWLRQ >@
:KLOH WKH ORZO\LQJ 'LUDF PRGHV DUH HVVHQWLDO IRU FKLUDO V\PPHWU\ EUHDNLQJ WKHVH PRGHV DUH QRW HVVHQWLDO IRU
FRQ¿QHPHQW ,Q RWKHU ZRUGV HVVHQWLDO PRGHV IRU FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ DUH GLIIHUHQW 7KLV LV
FRQVLVWHQW ZLWK WKH SUHYLRXV QXPHULFDO ODWWLFH UHVXOW WKDW FRQ¿QHPHQW SURSHUWLHV VXFK DV LQWHUTXDUN SRWHQWLDO DQG WKH
3RO\DNRY ORRS DUH DOPRVW XQFKDQJHG E\ UHPRYLQJ ORZO\LQJ 'LUDF PRGHV IURP WKH 4&' YDFXXP >@ 0RUHRYHU HYHQ
LI WKH FKLUDO UHVWRUDWLRQ RFFXUV DQG ORZO\LQJ 'LUDF PRGHV GLVDSSHDU WKH FRQWULEXWLRQ IURP ORZO\LQJ 'LUDF PRGHV WR
WKH 3RO\DNRY ORRS GRHV QRW FKDQJHG EHFDXVH WKH FRQWULEXWLRQ LV RULJLQDOO\ QHJOLJLEOH 7KHVH UHVXOWV VXJJHVW WKDW WKH
UHODWLRQ EHWZHHQ FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ LV QRW GLUHFW RQHWRRQH FRUUHVSRQGLQJ
1RWH WKDW ZKLOH WKH 3RO\DNRY ORRS LV GH¿QHG E\ JDXJH ¿HOGV DORQH LW KDV D FRQQHFWLRQ WR WKH 'LUDF PRGHV YLD WKH
UHODWLRQ  )RU H[DPSOH DOWKRXJK WKH LQVWDQWRQV DUH DOVR GH¿QHG E\ JDXJH ¿HOGV DORQH WKHUH LV D UHODWLRQ EHWZHHQ
WKH LQVWDQWRQV DQG WKH D[LDO 8 DQRPDO\ ZKLFK LV UHODWHG WR D IHUPLRQLF V\PPHWU\ 7KXV LW LV QRW XQQDWXUDO WKDW WKH
3RO\DNRY ORRS KDV D FRQQHFWLRQ WR WKH 'LUDF PRGHV ZKLFK DUH DOVR IHUPLRQLF PRGHV
02',),(' .2*876866.,1' )250$/,60 )25 7(0325$//< 2''180%(5
/$77,&(
,Q WKLV VHFWLRQ ZH H[SODLQ WKH 0RGL¿HG .RJXW6XVVNLQG .6 IRUPDOLVP D PHWKRG IRU VSLQGLDJRQDOL]LQJ WKH 'LUDF
RSHUDWRU RQ WKH WHPSRUDOO\ RGGQXPEHU ODWWLFH > @ 7KH XVXDO .6 IRUPDOLVP >@ LV DSSOLFDEOH WR RQO\ WKH HYHQ
ODWWLFH ZKHUH DOO WKH ODWWLFH VL]HV DUH HYHQ QXPEHU ZLWK SHULRGLF ERXQGDU\ FRQGLWLRQ IRU OLQNYDULDEOHV +RZHYHU WKH
PRGL¿HG .6 IRUPDOLVP LV DSSOLFDEOH WR DOVR WKH WHPSRUDOO\ RGG QXPEHU ODWWLFH ZKHUH WKH WHPSRUDO ODWWLFH VL]H LV RGG
QXPEHU ZLWK SHULRGLF ERXQGDU\ FRQGLWLRQ
,Q WKH PRGL¿HG .6 IRUPDOLVP D PDWUL[M(s) LV GH¿QHG DV
M(s)≡ γs γs γs γs+s+s , 
DQG LW LV LQGHSHQGHQW RI WKH WLPH FRPSRQHQW RI WKH VLWH s 8VLQJ WKH PDWUL[ M(s) DOO WKH γ−PDWULFHV DUH WUDQVIRUPHG
WR EH SURSRUWLRQDO WR γ
M(s)γμM(s± Öμ) = ημ(s)γ, 
ZKHUH VWDJJHUHG SKDVH ημ(s) LV GH¿QHG DV
η(s)≡ , ημ(s)≡ (−)s+···+sμ− (μ ≥ ). 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,Q WKH 'LUDF UHSUHVHQWDWLRQ γ LV GLDJRQDO DV γ = GLDJ(,,−,−) DQG ZH WDNH WKH 'LUDF UHSUHVHQWDWLRQ LQ WKLV SDSHU
7KXV WKH 'LUDF RSHUDWRU D= γμDμ LV VSLQGLDJRQDOL]HG
∑
μ
M(s)γμDμM(s+ Öμ) = GLDJ(ημDμ ,ημDμ ,−ημDμ ,−ημDμ), 









Uμ(s)δs+ Öμ ,s′ −U−μ(s)δs− Öμ ,s′
]
. 
1RWH WKDW WKH PRGL¿HG .6 IRUPDOLVP LV DSSOLFDEOH WR WKH WHPSRUDOO\ RGG QXPEHU ODWWLFH ZLWK WKH SHULRGLF ERXQGDU\
FRQGLWLRQ VLQFH WKH SHULRGLF ERXQGDU\ FRQGLWLRQ IRU WKH PDWUL[M(s)
M(s+Nμ Öμ) =M(s) (μ = ,,,). 
LV VDWLV¿HG 0RUHRYHU WKH SHULRGLF ERXQGDU\ FRQGLWLRQ IRU WKH VWDJJHUHG SKDVH ημ(s) LV DOVR VDWLV¿HG RQ WKH WHPSRUDOO\
RGGQXPEHU ODWWLFH
(TXDWLRQ  LV LPSRUWDQW IRU UHGXFLQJ WKH QXPHULFDO FRVWV 6LQFH WKHUH DUH RQO\ ±ημDμ LQ (T  DOO WKH 'LUDF
HLJHQYDOXHV iλn DUH REWDLQHG E\ VROYLQJ WKH .6 'LUDF HLJHQYDOXH HTXDWLRQ
ημDμ |n) = iλn|n) 






ημ(s)[Uμ(s)χn(s+ Öμ)−U−μ(s)χn(s− Öμ)] = iλnχn(s). 
0RUHRYHU WKH 'LUDF PDWUL[ HOHPHQWV RI OLQNYDULDEOH RSHUDWRU 〈n| ÖU|n〉 FDQ EH H[SUHVVHG LQ WHUPV RI WKH .6 'LUDF
PDWUL[ HOHPHQWV RI OLQNYDULDEOH RSHUDWRU (n| ÖU|n)
〈n| ÖU|n〉= (n| ÖU|n). 





n (n| ÖU|n) 
XVLQJ WKH PRGL¿HG .6 IRUPDOLVP
1RWH WKDW WKH PRGL¿HG .6 IRUPDOLVP LV DQ H[DFW PDWKHPDWLFDO PHWKRG IRU GLDJRQDOL]LQJ WKH 'LUDF RSHUDWRU DQG LV
QRW DQ DSSUR[LPDWLRQ 7KXV (TV  DQG  DUH FRPSOHWHO\ HTXLYDOHQW :KLOH WKH GLPHQVLRQ RI WKH 'LUDF RSHUDWRU
D LV (×Nc×V ) WKDW RI WKH .6 'LUDF RSHUDWRU ημDμ LV (Nc×V ) 7KXV WKH QXPHULFDO FRVWV FDQ EH UHGXFHG E\
XVLQJ WKH PRGL¿HG .6 IRUPDOLVP ,Q RXU VWXG\ ZH MXVW XVH WKH .6 IRUPDOLVP DV WKH WHFKQLTXH WR UHGXFH WKH QXPHULFDO
FRVWV DQG ZH GR QRW XVH D VSHFL¿F IHUPLRQ OLNH WKH .6 IHUPLRQ $FWXDOO\ HYHQ LI ZH GR QRW XVH WKH .6 IRUPDOLVP ZH
FDQ REWDLQ WKH VDPH UHVXOWV +RZHYHU WKH QXPHULFDO FRVW LV VLPSO\ ODUJHU
/$77,&( 4&' 180(5,&$/ $1$/<6,6
$V ZH GLVFXVV LQ WKH SUHYLRXV VHFWLRQ WKH DQDO\WLFDO UHODWLRQ  LQGLFDWHV VPDOO FRQWULEXWLRQ IURP ORZO\LQJ 'LUDF
PRGHV WR WKH 3RO\DNRY ORRS +RZHYHU LW LV DOVR LPSRUWDQW WR FRQ¿UP WKDW TXDQWLWDWLYHO\ ,Q SDUWLFXODU LW LV ZRUWK
LQYHVWLJDWLQJ WKH SURSHUWLHV RI WKH .6 'LUDF PDWUL[ HOHPHQWV RI OLQN YDULDEOH RSHUDWRUV (n| ÖU|n) ,Q WKLV VHFWLRQ ZH
QXPHULFDOO\ SHUIRUP 68 ODWWLFH 4&' FDOFXODWLRQV DQG TXDQWLWDWLYHO\ GLVFXVV WKH UHODWLRQ EHWZHHQ FRQ¿QHPHQW DQG
FKLUDO V\PPHWU\ EUHDNLQJ EDVHG RQ WKH UHODWLRQ  FRQQHFWLQJ WKH 3RO\DNRY ORRS DQG 'LUDF PRGHV RQ WKH WHPSRUDOO\
RGG QXPEHU ODWWLFH
7KH 68 ODWWLFH 4&' 0RQWH &DUOR VLPXODWLRQV DUH SHUIRUPHG ZLWK WKH VWDQGDUG SODTXHWWH DFWLRQ DW WKH TXHQFKHG
OHYHO LQ ERWK FDVHV RI FRQ¿QHPHQW DQG GHFRQ¿QHPHQW SKDVHV :H XVH D ×  ODWWLFH DQG WZR YDOXHV IRU β ≡ NFg 
7KH FRQ¿QHPHQW SKDVH LV SURGXFHG ZLWK β = . LH a
 . IP FRUUHVSRQGLQJ WR T ≡ /(Na)
  0H9 DQG
WKH GHFRQ¿QHPHQW SKDVH LV SURGXFHG ZLWK β = . LH a 
 . IP FRUUHVSRQGLQJ WR T ≡ /(Na) 
  0H9
)RU HDFK SKDVH ZH XVH  JDXJH FRQ¿JXUDWLRQV ZKLFK DUH WDNHQ HYHU\  VZHHSV DIWHU WKH WKHUPDOL]DWLRQ RI 
VZHHSV
030004-7
 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:  121.94.14.9
On: Thu, 28 Jan 2016 13:09:18
6PDOO FRQWULEXWLRQ RI ORZO\LQJ 'LUDF PRGHV WR 3RO\DNRY ORRS
8VLQJ WKH UHODWLRQ  ZH QXPHULFDOO\ FDOFXODWH WKH HDFK 'LUDF PRGH FRQWULEXWLRQ (ai)N−V λN−n (n| ÖU|n) WR WKH3RO\DNRY ORRS ,Q SDUWLFXODU VLQFH 5+6 RI (T  LV H[SUHVVHG DV D VXP RI WKH 'LUDFPRGH FRQWULEXWLRQ ZH FDQ





n (n| ÖU|n), 
ZLWK WKH LQIUDUHG ,5 FXWRII Λ,5 IRU 'LUDF HLJHQYDOXH 7KH FKLUDO FRQGHQVDWH ZLWKRXW WKH ORZO\LQJ 'LUDF PRGH







,Q WKH FKLUDO EURNHQ SKDVH XVLQJ WKH ,5 FXWRII Λ,5 
 .*H9 DQG SK\VLFDO FXUUHQWTXDUN PDVV m
 0H9 WKH FKLUDO
FRQGHQVDWH LV ODUJHO\ UHGXFHG WR DERXW  DV 〈 Āqq〉Λ,5〈 Āqq〉 
 . DQG FKLUDO V\PPHWU\ LV DOPRVW UHVWRUHG >@ ,Q WKLV SDSHU
ZH WDNH WKH ,5 FXWRII RI Λ,5 
 .*H9
:H QXPHULFDOO\ FRQ¿UP WKDW WKH ORZO\LQJ 'LUDF PRGHV KDYH OLWWOH FRQWULEXWLRQ LQ ERWK FRQ¿QHPHQW DQG GHFRQ¿QH
PHQW SKDVHV ,Q WKH GHFRQ¿QHPHQW SKDVH WKH Z FHQWHU V\PPHWU\ LV VSRQWDQHRXVO\ EURNHQ DQG WKH 3RO\DNRY ORRS LV
SURSRUWLRQDO WR Hi π j ( j = ,±) IRU HDFK JDXJH FRQ¿JXUDWLRQ DW WKH TXHQFKHG OHYHO >@ ,Q WKLV SDSHU ZH QDPH WKH
YDFXXP ZKHUH WKH 3RO\DNRY ORRS LV DOPRVW UHDO  j  ³UHDO 3RO\DNRYORRS YDFXXP´ DQG WKH RWKHU YDFXD ³ZURWDWHG
YDFXD´ $W WKH TXHQFKHG OHYHO WKHVH WKUHH YDFXD DUH GHJHQHUDWHG YDFXD ,Q IXOO 4&' WKH GHJHQHUDF\ LV UHVROYHG DQG
WKH UHDO 3RO\DNRYORRS YDFXXP LV VHOHFWHG DV WKH VWDEOH YDFXXP ZKLOH WKH ZURWDWHG YDFXD EHFRPH PHWDVWDEOH VWDWHV
7KH QXPHULFDO UHVXOWV IRU WKH ZURWDWHG YDFXD LQ WKH GHFRQ¿QHPHQW SKDVH DUH GLVFXVVHG LQ 5HI >@ ,Q WKLV SDSHU ZH
FRQFHQWUDWH WKH UHVXOWV RQ WKH UHDO 3RO\DNRYORRS YDFXXP LQ WKH GHFRQ¿QHPHQW SKDVH
,Q 7DEOHV  DQG  WKH QXPHULFDO UHVXOWV IRU LP DQG (LP),5FXW DUH VKRZQ LQ WKH FRQ¿QHPHQW DQG GHFRQ¿QHPHQW
SKDVHV )URP 7DEOH  DQG  WKH UHODWLRQ LP 
 (LP),5FXW LV DOPRVW VDWLV¿HG IRU HDFK JDXJHFRQ¿JXUDWLRQ LQ ERWK FRQ
¿QHPHQW DQG GHFRQ¿QHPHQW SKDVHV 7KHUHIRUH WKH ORZO\LQJ 'LUDF PRGHV KDYH OLWWOH FRQWULEXWLRQ WR WKH 3RO\DNRY ORRS
DQG DUH QRW HVVHQWLDO IRU FRQ¿QHPHQW +RZHYHU WKH ORZO\LQJ 'LUDF PRGHV EHORZ WKH ,5 FXWRII |λn|< Λ,5 
 .*H9
DUH HVVHQWLDO IRU FKLUDO V\PPHWU\ EUHDNLQJ 7KXV LW LV VXJJHVWHG WKDW WKHUH LV QR GLUHFW RQHWRRQH FRUUHVSRQGHQFH
EHWZHHQ FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ
7$%/(  1XPHULFDO UHVXOWV IRU LP DQG (LP),5FXW LQ ODWWLFH 4&' ZLWK × DQG β = . IRU HDFK JDXJH FRQ¿JXUD
WLRQ ZKHUH WKH V\VWHP LV LQ WKH FRQ¿QHPHQW SKDVH
&RQ¿JXUDWLRQ 1R        
5HLP        
,PLP        
5H(LP),5FXW        
,P(LP),5FXW        
7$%/(  1XPHULFDO UHVXOWV IRU LP DQG (LP),5FXW LQ ODWWLFH 4&' ZLWK × DQG β = . IRU HDFK JDXJH FRQ¿JXUDWLRQ
ZKHUH WKH V\VWHP LV LQ WKH GHFRQ¿QHPHQW SKDVH DQG WKH UHDO 3RO\DNRYORRS YDFXXP
&RQ¿JXUDWLRQ 1R        
5HLP        
,PLP        
5H(LP),5FXW        
,P(LP),5FXW        
3URSHUWLHV RI 'LUDFPRGH PDWUL[ HOHPHQW RI OLQNYDULDEOH RSHUDWRU
1H[W ZH TXDQWLWDWLYHO\ LQYHVWLJDWH WKH SURSHUWLHV RI WKH HDFK 'LUDFPRGH FRQWULEXWLRQ WR WKH 3RO\DNRY ORRS
λN−n (n| ÖU|n) DQG LQ SDUWLFXODU WKH .6 'LUDFPRGH PDWUL[ HOHPHQWV RI WKH OLQNYDULDEOH RSHUDWRUV (n| ÖU|n) LQ ERWK
FRQ¿QHPHQW DQG GHFRQ¿QHPHQW SKDVHV
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Confinement phase
)LJXUH  VKRZV WKH QXPHULFDO UHVXOWV IRU WKH PDWUL[ HOHPHQWV 5H(n| ÖU|n) DQG ,P(n| ÖU|n) SORWWHG DJDLQVW 'LUDF
HLJHQYDOXHV λn LQ WKH ODWWLFH XQLW IRU RQH JDXJH FRQ¿JXUDWLRQ LQ WKH FRQ¿QHPHQW SKDVH
)LJXUH  VKRZV HDFK 'LUDFPRGH FRQWULEXWLRQ WR WKH 3RO\DNRY ORRS λN−n 5H(n| ÖU|n) DQG λN−n ,P(n| ÖU|n) SORWWHG
DJDLQVW 'LUDF HLJHQYDOXHV λn LQ WKH ODWWLFH XQLW
:KLOH WKH UHDO SDUW RI WKH PDWUL[ HOHPHQW 5H(n| ÖU|n) LV ODUJH LQ ORZO\LQJ 'LUDFPRGH UHJLRQ IURP )LJ  WKH
FRQWULEXWLRQ IURP WKH ORZO\LQJ 'LUDF PRGHV WR WKH 3RO\DNRY ORRS λN−n 5H(n| ÖU|n) LV VPDOO DQG QHJOLJLEOH EHFDXVH
RI WKH GDPSLQJ IDFWRU λN−n IURP )LJ  7KXV DV ZH H[SHFW WKH GDPSLQJ IDFWRU λN−n KDV DQ HVVHQWLDO UROH LQ (T
2Q WKH RWKHU KDQG IURP )LJ  WKH LPDJLQDU\ SDUW ,P(n| ÖU|n) RI WKH PDWUL[ HOHPHQW LV UHODWLYHO\ VPDOO LQ ORZO\LQJ
'LUDFPRGH UHJLRQ WKDQ WKDW LQ RWKHU UHJLRQ XQOLNH WKH UHDO SDUW 5H(n| ÖU|n) ,Q DQ\ FDVH λN−n ,P(n| ÖU|n) LV VPDOO LQ
ORZO\LQJ 'LUDFPRGH UHJLRQ DV VKRZQ LQ )LJ 
$Q LPSRUWDQW SRLQW LV WKDW WKH GLVWULEXWLRQ RI 'LUDFPRGH PDWUL[ HOHPHQW (n| ÖU|n) LH 5H(n| ÖU|n) DQG ,P(n| ÖU|n)
KDV WKH V\PPHWU\ RQ WKH SRVLWLYH DQG QHJDWLYH YDOXHV LQ WKH ZKROH 'LUDFPRGH UHJLRQ LQ WKH FRQ¿QHPHQW SKDVH IURP
)LJ  :H QDPHG WKH V\PPHWU\ ³SRVLWLYHQHJDWLYH V\PPHWU\´ > @ 7KHQ WKH GLVWULEXWLRQ RI HDFK 'LUDFPRGH
FRQWULEXWLRQ WR WKH 3RO\DNRY ORRS λN−n (n| ÖU|n) KDV WKH VDPH V\PPHWU\ LQ WKH FRQ¿QHPHQW SKDVH 7KLV V\PPHWU\
OHDGV WR WKH UHODWLRQ
∑
Λ≤λn≤Λ
λN−n (n| ÖU|n) =  (FRQ¿QHPHQW SKDVH) 
ZLWK DUELWUDU\ Λ DQG Λ 7KH UHODWLRQ  PHDQV WKDW WKH FRQWULEXWLRQ IURP DUELWUDU\ 'LUDFPRGH UHJLRQ WR WKH
3RO\DNRY ORRS LV ]HUR 7KLV EHKDYLRU LQ WKH FRQ¿QHPHQW SKDVH LV FRQVLVWHQW ZLWK WKH SUHYLRXV ZRUNV >@ 7KHUHIRUH

























),*85(  7KH QXPHULFDO UHVXOWV IRU WKH UHDO SDUW 5H(n| ÖU|n) DQG WKH LPDJLQDU\ SDUW ,P(n| ÖU|n) RI WKH PDWUL[ HOHPHQW LQ WKH



































),*85(  7KH QXPHULFDO UHVXOWV IRU HDFK 'LUDFPRGH FRQWULEXWLRQ WR WKH 3RO\DNRY ORRS λN−n 5H(n| ÖU|n) DQG
λN−n ,P(n| ÖU|n) LQ WKH FRQ¿QHPHQW SKDVH SORWWHG DJDLQVW WKH 'LUDF HLJHQYDOXH λn LQ WKH ODWWLFH XQLW DW β = . RQ × WDNHQ
IURP 5HI >@ 7KHUH LV WKH SRVLWLYHQHJDWLYH V\PPHWU\ DQG LW OHDG WR LP =  LQ WKH FRQ¿QHPHQW SKDVH
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WKDW WKH GLVWULEXWLRQ RI WKH PDWUL[ HOHPHQWV (n| ÖU|n) LV QRW VWDWLVWLFDO ÀXFWXDWLRQ RQ WKH JDXJH HQVHPEOH EHFDXVH WKH
UHVXOWV VKRZQ KHUH DUH IRU RQH FRQ¿JXUDWLRQ :H FRQ¿UP WKH VDPH EHKDYLRU IRU RWKHU JDXJH FRQ¿JXUDWLRQV
$V IRU WKH N GHSHQGHQFH RI WKH PDWUL[ HOHPHQW (n| ÖU|n) LQ WKH FRQ¿QHPHQW SKDVH ZH ¿QG DOPRVW WKH VDPH UHVXOWV
WKDW WKHUH LV WKH SRVLWLYHQHJDWLYH V\PPHWU\ DQG ORZO\LQJ 'LUDF PRGHV KDYH OLWWOH FRQWULEXWLRQ WR WKH 3RO\DNRY ORRS
Deconfinement phase case
1H[W ZH QXPHULFDOO\ LQYHVWLJDWH WKH 'LUDFPRGH PDWUL[ HOHPHQW (n| ÖU|n) DQG HDFK 'LUDFPRGH FRQWULEXWLRQ WR WKH
3RO\DNRY ORRS λN−n (n| ÖU|n) LQ WKH GHFRQ¿QHPHQW SKDVH 6LQFH WKH GHFRQ¿QHPHQW SKDVH GRHV QRW KDYH FRQ¿QHPHQW
DQG FKLUDO V\PPHWU\ EUHDNLQJ LW PD\ EH OHVV LQWHUHVWLQJ WR FRQVLGHU WKHLU UHODWLRQ WKHUH :KLOH WKHUH DUH WKH UHDO
3RO\DNRYORRS YDFXXP DQG WZR ZURWDWHG YDFXD LQ WKH GHFRQ¿QHPHQW SKDVH ZH FRQVLGHU RQO\ WKH UHDO 3RO\DNRYORRS
YDFXXP EHFDXVH LW LV VHOHFWHG DV WKH VWDEOH YDFXXP LQ IXOO 4&'
:H VKRZ LQ )LJV  DQG  WKH PDWUL[ HOHPHQWV DQG HDFK 'LUDFPRGH FRQWULEXWLRQ LQ WKH GHFRQ¿QHPHQW SKDVH DQG WKH
UHDO 3RO\DNRYORRS YDFXXP SORWWHG DJDLQVW WKH 'LUDF HLJHQYDOXH λn LQ TXHQFKHG ODWWLFH 4&' 7KH LPDJLQDU\ SDUWV RI
WKH PDWUL[ HOHPHQW ,P(n| ÖU|n) DQG WKH HDFK 'LUDFPRGH FRQWULEXWLRQ λN−n ,P(n| ÖU|n) VKRZ WKH VDPH EHKDYLRU DV
WKH FDVH RI WKH FRQ¿QHPHQW SKDVH EHFDXVH WKH LPDJLQDU\ SDUW RI WKH 3RO\DNRY ORRS LV ]HUR LQ WKH UHDO3RO\DNRY ORRS
YDFXXP &RPSDUH )LJ E DQG )LJ E 7KHQ ZH FRQVLGHU RQO\ WKH UHVXOWV IRU UHDO SDUW RI WKHVH TXDQWLWLHV LQ WKH
GHFRQ¿QHPHQW SKDVH /LNH WKH FDVH RI WKH FRQ¿QHPHQW SKDVH ZH VKRZ WKH UHVXOWV IRU RQH JDXJH FRQ¿JXUDWLRQ
7KHUH LV D SHDN ORZO\LQJ 'LUDFPRGH UHJLRQ RI WKH UHDO SDUW RI WKH PDWUL[ HOHPHQW 5H(n| ÖU|n) IURP )LJ 
+RZHYHU IURP )LJ  HDFK 'LUDFPRGH FRQWULEXWLRQ λN−n 5H(n| ÖU|n) LV UHODWLYHO\ VPDOO LQ ORZO\LQJ 'LUDFPRGH
UHJLRQ EHFDXVH RI WKH GDPSLQJ IDFWRU λN−n OLNH WKH FDVH RI FRQ¿QHPHQW SKDVH 0RUH TXDQWLWDWLYHO\ RQO\ KLJKO\LQJ





























),*85(  7KH QXPHULFDO UHVXOWV IRU WKH UHDO SDUW 5H(n| ÖU|n) DQG WKH LPDJLQDU\ SDUW ,P(n| ÖU|n) RI WKH PDWUL[ HOHPHQW LQ WKH
GHFRQ¿QHPHQW SKDVH DQG WKH UHDO 3RO\DNRYORRS YDFXXP SORWWHG DJDLQVW WKH 'LUDF HLJHQYDOXH λn LQ WKH ODWWLFH XQLW DW β = . RQ


































),*85(  7KH QXPHULFDO UHVXOWV IRU HDFK 'LUDFPRGH FRQWULEXWLRQ WR WKH 3RO\DNRY ORRS λN−n 5H(n| ÖU|n) DQG
λN−n ,P(n| ÖU|n) LQ WKH GHFRQ¿QHPHQW SKDVH DQG WKH UHDO 3RO\DNRYORRS YDFXXP SORWWHG DJDLQVW WKH 'LUDF HLJHQYDOXH λn LQ
WKH ODWWLFH XQLW DW β = . RQ × 7KH UHDO SDUW LV WDNHQ IURP 5HI >@
030004-10
 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:  121.94.14.9
On: Thu, 28 Jan 2016 13:09:18
WKHUH LV QR SRVLWLYHQHJDWLYH V\PPHWU\ IRU WKH GLVWULEXWLRQV RI WKH PDWUL[ HOHPHQW 5H(n| ÖU|n) DQG HDFK 'LUDFPRGH
FRQWULEXWLRQ λN−n 5H(n| ÖU|n) XQOLNH WKH FDVH RI WKH FRQ¿QHPHQW SKDVH 7KH 3RO\DNRY ORRS LV QRQ]HUR EHFDXVH RI
WKH DV\PPHWU\ LQ WKH GLVWULEXWLRQ RI WKH PDWUL[ HOHPHQW DQG HDFK 'LUDFPRGH FRQWULEXWLRQ ZKLOH WKH 3RO\DNRY ORRS
LQ WKH FRQ¿QHPHQW SKDVH LV ]HUR EHFDXVH RI WKH V\PPHWU\ 7KXV WKH EHKDYLRU RI WKH PDWUL[ HOHPHQW (n| ÖU|n) RQ WKH
SRVLWLYHQHJDWLYH V\PPHWU\ LV VWURQJO\ UHODWHG WR WKH GHFRQ¿QHPHQW SKDVH WUDQVLWLRQ 7KH SRVLWLYHQHJDWLYH V\PPHWU\
DQG WKH Z FHQWHU V\PPHWU\ KDYH FRPPRQ SRLQW WKDW DUH QRW EURNHQ LQ WKH FRQ¿QHPHQW SKDVH DQG DUH EURNHQ LQ WKH
GHFRQ¿QHPHQW SKDVH DW WKH TXHQFKHG OHYHO 7KHUHIRUH LW LV LQWHUHVWLQJ WR LQYHVWLJDWH WKH UHODWLRQ EHWZHHQ WKH QHZ
SRVLWLYHQHJDWLYH V\PPHWU\ DQG WKH Z FHQWHU V\PPHWU\
$OWKRXJK ZH FRQVLGHU RQO\ WKH UHDO 3RO\DNRYORRS YDFXXP LQ WKLV SDSHU ZH FRQVLGHUHG N GHSHQGHQFH RI WKH PDWUL[
HOHPHQW (n| ÖU|n) LQ WKH GHFRQ¿QHPHQW SKDVH DQG WKH EHKDYLRU RI WKH PDWUL[ HOHPHQW LQ Z URWDWHG YDFXD LQ 5HI >@
+RZHYHU TXDOLWDWLYH EHKDYLRUV DUH VDPH DV WKH UHVXOWV IRU WKH UHVXOWV VKRZQ KHUH
6800$5< $1' &21&/8',1* 5(0$5.6
:H KDYH VWXGLHG WKH UHODWLRQ EHWZHHQ FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ LQ 4&' XVLQJ WKH 'LUDF VSHFWUXP
UHSUHVHQWDWLRQ RI WKH 3RO\DNRY ORRS  EDVHG RQ WKH ODWWLFH 4&' IRUPDOLVP ,Q WKLV SDSHU ZH KDYH GHULYHG WKH
DQDO\WLFDO UHODWLRQ  RQ WKH WHPSRUDOO\ RGGQXPEHU ODWWLFH ZLWK WKH QRUPDO SHULRGLF ERXQGDU\ FRQGLWLRQ IRU OLQN
YDULDEOHV 6LQFH WKH 3RO\DNRY ORRS LV DQ RUGHU SDUDPHWHU RI TXDUN FRQ¿QHPHQW DQG 'LUDF PRGHV DUH VWURQJO\ FRUUHODWHG
WR FKLUDO V\PPHWU\ EUHDNLQJ LQ 4&' WKH UHODWLRQ  FDQ EH XVHG WR GLVFXVV WKH UHODWLRQ EHWZHHQ WKHVH QRQ
SHUWXUEDWLYH SKHQRPHQD
)LUVW ZH KDYH GLVFXVVHG WKH SURSHUWLHV RI WKH UHODWLRQ  7KH UHODWLRQ FDQ EH GHULYHG LQ DUELWUDU\ JDXJH WKHRULHV
XVLQJ IHZ DVVXPSWLRQV 2GG SDULW\ RI WKH WHPSRUDO ODWWLFH VL]H LV HVVHQWLDOO\ QRW UHTXLUHG IRU WKH GHULYDWLRQ >@
0RUHRYHU WKLV UHODWLRQ LV YDOLG QRW RQO\ DW WKH TXHQFKHG OHYHO DOVR EXW LQ WKH IXOO 4&' DQG LQ ¿QLWH WHPSHUDWXUHGHQVLW\
7KH UHODWLRQ LQGLFDWHV QHJOLJLEOH FRQWULEXWLRQ WR WKH 3RO\DNRY ORRS IURP WKH ORZO\LQJ 'LUDF PRGHV EHFDXVH RI WKH
GDPSLQJ IDFWRU λN−n  7KXV LW LV VXJJHVWHG WKDW WKHUH LV QR RQHWRRQH FRUUHVSRQGLQJ EHWZHHQ TXDUN FRQ¿QHPHQW DQG
FKLUDO V\PPHWU\ EUHDNLQJ LQ 4&'
1H[W ZH KDYH GLVFXVVHG WKH PRGL¿HG .6 IRUPDOLVP RQ WKH WHPSRUDOO\ RGGQXPEHU ODWWLFH :KHQ VROYLQJ WKH 'LUDF
HLJHQYDOXH HTXDWLRQ WKH QXPHULFDO FRVWV DUH ODUJH EHFDXVH RI WKH KXJH GLPHQVLRQ RI WKH 'LUDF RSHUDWRU D 8VLQJ
WKH QRUPDO .6 IRUPDOLVP RQ WKH HYHQ ODWWLFH ZKHUH DOO WKH ODWWLFH VL]HV DUH HYHQ QXPEHU WKH QXPHULFDO FRVW FDQ EH
UHGXFHG 6LQFH WKH QRUPDO .6 IRUPDOLVP LV QRW DSSOLFDEOH WR WKH WHPSRUDOO\ RGGQXPEHU ODWWLFH ZH KDYH GHYHORSHG
WKH PRGL¿HG .6 IRUPDOLVP DSSOLFDEOH WR WKH WHPSRUDOO\ RGGQXPEHU ODWWLFH DQG ZH KDYH XVHG LW DV D PHWKRG IRU
UHGXFLQJ WKH QXPHULFDO FRVWV :H KDYH GHULYH WKH UHODWLRQ  ZKLFK LV HTXLYDOHQW WR WKH RULJLQDO UHODWLRQ  XVLQJ
WKH PRGL¿HG .6 IRUPDOLVP
1H[W ZH KDYH SHUIRUPHG WKH QXPHULFDO ODWWLFH 4&' 0RQWH &DUOR FDOFXODWLRQ ZLWK WKH VWDQGDUG SODTXHWWH DFWLRQ DW
WKH TXHQFKHG OHYHO LQ ERWK FRQ¿QHPHQW DQG GHFRQ¿QHPHQW SKDVHV :H LPSRVH WKH WHPSRUDO SHULRGLF ERXQGDU\ FRQ
GLWLRQ WR WKH WHPSRUDOO\ RGGQXPEHU ODWWLFH ZKLFK LV UHTXLUHG IRU WKH LPDJLQDU\WLPH IRUPDOLVP DW ¿QLWH WHPSHUDWXUH
,W LV QXPHULFDOO\ FRQ¿UPHG WKDW WKH ORZO\LQJ 'LUDF PRGHV KDYH OLWWOH FRQWULEXWLRQ WR WKH 3RO\DNRY ORRS LQ ERWK FRQ
¿QHPHQW DQG GHFRQ¿QHPHQW SKDVHV DQG WKH GDPSLQJ IDFWRU λN−n LQ WKH UHODWLRQ  SOD\V DQ LPSRUWDQW UROH 7KXV
QR RQHWRRQH FRUUHVSRQGLQJ EHWZHHQ FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ LQ 4&' KDV EHHQ VXSSRUWHG E\ RXU
QXPHULFDO DQDO\VLV
$OVR ZH KDYH LQYHVWLJDWHG WKH SURSHUWLHV RI WKH 'LUDFPRGH PDWUL[ HOHPHQW (n| ÖU|n) ZKLFK DSSHDUV LQ WKH UHODWLRQ
 5HPDUNDEO\ LQ WKH FRQ¿QHPHQW SKDVH WKHUH LV WKH SRVLWLYHQHJDWLYH V\PPHWU\ LQ WKH GLVWULEXWLRQ RI WKH PDWUL[
HOHPHQW (n| ÖU|n) DQG WKXV WKH 3RO\DNRY ORRS LV ]HUR ,Q WKH GHFRQ¿QHPHQW SKDVH KRZHYHU WKH SRVLWLYHQHJDWLYH
V\PPHWU\ GLVDSSHDUV LQ WKH GLVWULEXWLRQ RI WKH PDWUL[ HOHPHQW (n| ÖU|n) DQG WKHQ WKH 3RO\DNRY ORRS LV QRQ]HUR 7KLV
V\PPHWU\ GLVWLQJXLVKHV WKH FRQ¿QHPHQW DQG GHFRQ¿QHPHQW SKDVHV DW WKH TXHQFKHG OHYHO 6LQFH WKH EHKDYLRU RI WKH
SRVLWLYHQHJDWLYH V\PPHWU\ LV VLPLODU WR WKH FHQWHU V\PPHWU\ LQ WKH SXUHJDXJH WKHRU\ ZKLFK LV UHODWHG WR FRQ¿QHPHQW
>@ LW LV LQWHUHVWLQJ WR LQYHVWLJDWH WKH UHODWLRQ EHWZHHQ WKHVH V\PPHWULHV
,Q WKLV VWXG\ ZH KDYH SHUIRUPHG WKH ODWWLFH 4&' FDOFXODWLRQ DW WKH TXHQFKHG OHYHO +RZHYHU WKH IXOO 4&'
FDOFXODWLRQ LV GHVLUHG IRU PRUH TXDQWLWDWLYH GLVFXVVLRQ ,Q SDUWLFXODU LW LV LQWHUHVWLQJ WR LQYHVWLJDWH WKH SURSHUWLHV RI
WKH QHZ SRVLWLYHQHJDWLYH V\PPHWU\ RI WKH PDWUL[ HOHPHQW (n| ÖU|n) LQ WKH IXOO 4&' FDOFXODWLRQ
5HFHQWO\ LW ZDV SRLQWHG RXW WKDW WKH ÀXFWXDWLRQ RI WKH 3RO\DNRY ORRS LV LPSRUWDQW IRU WKH GHFRQ¿QHPHQW SKDVH
WUDQVLWLRQ >@ 7KH UHQRUPDOL]DWLRQ RI WKH 3RO\DNRY ORRS LQ WKH SK\VLFDO FRQWLQXXP OLPLW LV DOVR WKH RXWVWDQGLQJ
SUREOHP +RZHYHU RQH FDQ GLVFXVV WKH GHFRQ¿QHPHQW SKDVH WUDQVLWLRQ DYRLGLQJ WKH XQFHUWDLQWLHV RI UHQRUPDOL]DWLRQ
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RI WKH 3RO\DNRY ORRS E\ FRQVLGHULQJ WKH UDWLR RI VXVFHSWLELOLW\ RI WKH 3RO\DNRY ORRS $V D QH[W ZRUN LW LV LQWHUHVWLQJ
WR LQYHVWLJDWH WKH UHODWLRQ EHWZHHQ WKH 3RO\DNRY ORRS ÀXFWXDWLRQ DQG 'LUDF PRGHV XVLQJ RXU VFKHPH LQ WKLV SDSHU
6LQFH WKH 4&' PRQRSROH LQ WKH PD[LPDOO\ $EHOLDQ JDXJH LV LPSRUWDQW IRU QRQSHUWXUEDWLYH SKHQRPHQD RI ORZ
HQHUJ\ 4&' VXFK DV FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ > @ LW LV H[SHFWHG WKDW WKH 4&'PRQRSROH ZLWKRXW
WKH ORZO\LQJ 'LUDF PRGHV LV LPSRUWDQW IRU RQO\ FRQ¿QHPHQW 7KXV LW LV DOVR LQWHUHVWLQJ WR VWXG\ WKH UHODWLRQ EHWZHHQ
WKH 4&' PRQRSROH DQG ORZO\LQJ 'LUDF PRGHV E\ XVLQJ JDXJHLQYDULDQW 'LUDFPRGH H[SDQVLRQ >@
2XU DQDO\VLV LQGLFDWHV WKH VXJJHVWLRQ RI SRVVLEOH GLIIHUHQFH EHWZHHQ FRQ¿QHPHQW DQG FKLUDO V\PPHWU\ EUHDNLQJ LQ
4&' 7KHQ D QHZ SKDVH FDQ H[LVW LQ 4&' IRU H[DPSOH ZKHUH FKLUDO V\PPHWU\ LV UHVWRUHG EXW WKH TXDUN LV FRQ¿QHG
>  @ 1RW RQO\ ¿QLWH WHPSHUDWXUH DQG TXDUN FKHPLFDO SRWHQWLDO EXW DOVR VWURQJ HOHFWURPDJQHWLF ¿HOGV FDQ FKDQJH
WKH VWUXFWXUH RI WKH 4&' YDFXXP >@ 4&' KDV SRVVLEO\ VXFK D QHZ SKDVH LQ WKH VWURQJ HOHFWURPDJQHWLF ¿HOGV
$&.12:/('*(0(176
+ 6 LV VXSSRUWHG LQ SDUW E\ WKH *UDQW IRU 6FLHQWL¿F 5HVHDUFK >& 1R (@ IURP WKH 0LQLVWU\ RI
(GXFDWLRQ &XOWXUH 6SRUWV 6FLHQFH DQG 7HFKQRORJ\ 0(;7 RI -DSDQ 7KH ODWWLFH 4&' FDOFXODWLRQV ZHUH SHUIRUPHG
RQ WKH 1(&6;5 DQG 1(&6; DW 2VDND 8QLYHUVLW\
5()(5(1&(6
 < 1DPEX DQG * -RQD/DVLQLR 3K\V 5HY    ibid   
 -% .RJXW DQG / 6XVVNLQG 3K\V 5HY '   
 +- 5RWKH Lattice Gauge Theories :RUOG 6FLHQWL¿F 6LQJDSRUH  DQG LWV UHIHUHQFHV
 - *UHHQVLWH An Introduction to the Confinement Problem 6SULQJHU 1HZ <RUN  DQG LWV UHIHUHQFHV
 + 6XJDQXPD 6 6DVDNL DQG + 7RNL 1XFO 3K\V %  
 < +DWWD DQG . )XNXVKLPD 3K\V 5HY '   
 ) .DUVFK /HFW 1RWHV 3K\V    DQG LWV UHIHUHQFHV
 < $RNL = )RGRU 6' .DW] DQG .. 6]DER 3K\V /HWW %   
< $RNL * (QGURGL = )RGRU 6' .DW] DQG .. 6]DER 1DWXUH /RQGRQ   
 2 0L\DPXUD 3K\V /HWW %   
 50 :RORVK\Q 3K\V 5HY '   
 6 *RQJ\R 7 ,ULWDQL DQG + 6XJDQXPD 3K\V 5HY '   
7 ,ULWDQL DQG + 6XJDQXPD 3URJ 7KHRU ([S 3K\V  % 
 & *DWWULQJHU 3K\V 5HY /HWW   
) %UXFNPDQQ & *DWWULQJHU DQG & +DJHQ 3K\V /HWW %   
 ) 6\QDWVFKNH $ :LSI DQG . /DQJIHOG 3K\V 5HY '   
 ( %LOJLFL ) %UXFNPDQQ & *DWWULQJHU DQG & +DJHQ 3K\V 5HY '   
 &% /DQJ DQG 0 6FKURFN 3K\V 5HY '   
/<D *OR]PDQ &% /DQJ DQG 0 6FKURFN 3K\V 5HY '   
 7 %DQNV DQG $ &DVKHU 1XFO 3K\V %  
 + 6XJDQXPD 7 0 'RL DQG 7 ,ULWDQL DU;LY >KHSODW@ 3URF 6FL /DWWLFH    3URF 6FL 4&'
717,,,   (XU 3K\V - :HE RI &RQIHUHQFHV ,&1)3    3URF 6FL +DGURQ  

 7 0 'RL + 6XJDQXPD DQG 7 ,ULWDQL 3K\V 5HY '   
 7 0 'RL + 6XJDQXPD DQG 7 ,ULWDQL 3URF 6FL /DWWLFH    3URF 6FL +DGURQ   
 6 (OLW]XU 3K\V 5HY '   
 ) %UXFNPDQQ DQG (0 ,OJHQIULW] 3K\V 5HY '    1XFO 3K\V 3URF 6XSSO   
 30 /R % )ULPDQ 2 .DF]PDUHN . 5HGOLFK DQG & 6DVDNL 3K\V 5HY '    3K\V 5HY '  

 + 6XJDQXPD DQG 7 7DWVXPL $QQ 3K\V    3URJ 7KHRU 3K\V   
030004-12
 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:  121.94.14.9
On: Thu, 28 Jan 2016 13:09:18
